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Abstract 

We compute instanton corrections to the low energy effective prepotential of A/" = 2 
supersymmetric theories in a variety of cases, including all classical gauge groups and even 
number of fundamental matter hypermultiplets. To this end, we take profit of a set of first- 
and second-order equations for the logarithmic derivatives of the prepotential with respect 
to the dynamical scale expressed in terms of Riemann's theta-function. These equations 
emerge in the context of the Whitham hierarchy approach to the low-energy Seiberg- 
Witten solution of supersymmetric gauge theories. Our procedure is recursive and allows 
to compute the effective prepotential to arbitrary order in a remarkably straightforward 
way. General expressions for up to three-instanton corrections are given. We illustrate 
the method with explicit expressions for several cases. 
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1 Introduction 



Some five years ago, Seiberg and Witten gave an ansatz for tlie dominant piece of the 
effective action governing the hght degrees of freedom of SU{2) M = 2 super Yang-Mills 
theory at low energy It is given in terms of an auxiliary complex algebraic curve C 
(whose moduli space is identified with the quantum moduli space of the low-energy theory 
A^a) and a given meromorphic differential, dSsw^ that induces a special geometry on A^a 
(see Refs.0] for excellent reviews). The solution was soon extended to other gauge groups 
and matter content by determining both the appropriate complex curve and meromorphic 
differential 0, ||, |^, H, |^, thus leading to a substantial progress in our understanding of 
TV = 2 supersymmetric gauge theories. In particular, the appearance of an auxiliary 
Riemann surface made it possible to identify remarkable connections with string theory, 
singularity theory of differentiable maps and integrable systems. The framework that will 
be used in this paper is strongly inspired by the latter one. 

It is well-known that, as long as A/" = 2 supersymmetry is unbroken, the low energy 
effective action is given in terms of a holomorphic prepotential JF. The solution proposed 
by Seiberg and Witten embodies a prescription to compute this prepotential. However, 
its explicit evaluation for a given gauge group and matter content is technically involved 
and it requires to integrate an expression for the B-periods of dSsw as functions of its 
A-periods. The complexity of this procedure increases rapidly with the rank of the gauge 
group, even without matter hypermultiplets. 

Whereas perturbative contributions to are exhausted by one-loop diagrams ^ , the 
non-perturbative part is given by an infinite series of instanton corrections. The impor- 
tance of instanton calculus lies precisely in the fact that it provides one of the few non- 
perturbative links between the Seiberg-Witten solution and the microscopic non-abelian 
field theory that it is supposed to describe effectively at low energies. From the micro- 
scopic point of view, the first few instanton contributions to the asymptotic semiclassical 
expansion of the effective prepotential have been computed for gauge group SU{Nc), and 
a remarkable agreement with the Seiberg-Witten solution has been found 0. From the 
side of the effective theory, several methods for determining the instanton corrections have 
been developed in the last few years by using the Picard-Fuchs equations [H, holo- 
morphicity arguments analytic continuation [0 (also for non-hyperelliptic curves 
||T3|), modular anomaly equations |0, etc. Among them, we would like to distinguish 
those methods that lead to recursion relations for the fc-instanton corrections, as long 
as they give an implicit expression for the exact solution. For the case of SU{2), re- 
cursion relations determining the whole instanton expansion have been obtained both in 
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the pure gauge theory [|1^] and when matter is included |]T0[. These recursion relations 
were obtained by combining the renormalization group and Picard-Fuchs equations. Also 
one-instanton corrections for the whole ADE series where obtained along the same lines 



in [|T6|. SU{Nc) with additonal matter in the adjoint representation was considered in 



T7| from the point of view of the Calogero-Moser model, and in |jTj] (for ADE groups 



with dual Coxeter number /cd < 6) where the modular anomaly equations of softly broken 
TV = 4 supersymmetric gauge theories were invoked. 

In a recent paper, |T^, a new strategy was observed to work very well for the case of 
pure SU{Nc). It is based on a set of first- and second-order equations for the logarithmic 
derivatives of the prepotential with respect to the dynamical scale A, evaluated all over 
the moduli space 

_ J_ 
d log A 2m 



-U2 , (1.1) 
-9.,,loge^(0|r) , (1.2) 



9(logA)2 27ri da^ dai in 

where the different quantities entering these expressions will be explained below. Each 
one of these equations was obtained separately in the last few years by many authors 
|ll, m, H, P, H. It was not until very recently that a unifying approach based on the 
Whitham hierarchy was shown to be useful to obtain both ||23|. In Ref. |T^, the ansatz for 
the semiclassical expansion of the prepotential for gauge group SU{Nc) was inserted in 



both sides of equations ([Ll| )- ([T7^ ) with the result of an elegant and systematic procedure 
that allowed us to compute instanton corrections up to any desired order with relatively 
little effort. In particular, this method does not require knowledge of the actual solution 
for the periods a and a^) of dSsw, ^ feet which spares a considerable amount of work. 



In this paper we will exhibit the strengh of this method by extending the results of [|1S 
to any classical gauge group with and without matter content. We shall limit ourselves to 
asymptotically free theories. The obvious question arises, about the validity of equations 
like (|1.2| ) for all these situations. It turns out that, for our present purposes, the only 
constraint which seems to be unavoidable within this method is that massive hypermulti- 
plets have to be introduced in pairs, degenerated in mass. This can be understood either 



from a purely theoretical study, which we shall leave for a separate paper [Q, or else, "a 
posteriori" , for the consistency of the results. 

Our aim is that this paper could be useful to anyone interested in finding explicit 
expressions for the instanton corrections to the effective prepotential of A/" = 2 supersym- 
metric gauge theories. To this end, general formulas for up to three-instanton corrections 
will be given and the method to obtain arbitrary higher corrections will be clearly ex- 
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plained. A number of particular examples will be also worked out for the lower rank 
groups and small number of flavour-pairs, in order to make them easily available for 
futher comparison even to other methods or, actually, to the results obtained in the mi- 
croscopic non-Abelian field theory. For the one- and two-instanton corrections, our results 
coincide with those in the literature while, for most of the three-instanton contributions, 
our results are new. 



2 Recursive Evaluation of the Effective Prepotential 



2.1 Review and Notation 

For completeness, we shall start by reviewing the role of the different ingredients that 
enter the formulas ( |1.1| ) and ( |1.2| ). The low-energy dynamics of A/" = 2 supersymmetric 
theories with classical gauge group G corresponding to Nc colors, and Nf hypermultiplets 
of mass nif = m(^f+Nf/2) {i-e. degenerated in masses) in the fundamental representation 
of G, can be described in terms of an auxiliary hyperelliptic curve C given by 

= (P(A, ep) + n\,mf, A)f - 4A^F(A, m^) , (2.1) 

where P is the characteristic polynomial of G, A is the quantum generated dynamical 
scale, P is the coefficient of the one-loop J\f = 2 beta function and Cp are the eigenvalues 
of the complex scalar field (0) = Ylip^p^p (^^^ Ref.|p5| for the conventions followed in 
the notation of Lie group and Lie algebra objects) that belongs to the M = 2 vector 
supermultiplet in the adjoint of G. T and F are polynomials that do not depend on the 



moduli Cp and T is different from zero only when Nf > N^. As pointed out in Ref. ||12||, 
when the gauge group is SU{Nc) or 5*0 (Ac) all dependence on T can be absorbed in a 
redefinition of Cp, the effective prepotential remaining untouched. Thus, we can set T = 0, 
and write the hyperelliptic curve C as 

y' = P\\,ep)-AA^FiX,mf) . (2.2) 

In the case of Sp{Nc), there is a residual value for T, T = A^''~^^'^^(]^^£(^ m^). In 
order to consider all the different cases within a unified framework we will neglect this 
contribution by setting the mass of one of the degenerated hypermultiplets to zero (say 
for example mN^./2 = 0). Following Ref.[|T^ this case will be denoted Sp{Nc)", and the 
corresponding hyperelliptic curve has the form (|2.2|) with the proviso that, according to 
our previous remark, the number of hypermultiplets will be at least two, Nf = N'j + 2 > 2. 
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Consequently, the case of pure Sp{Nc) will not be attainable from our results though it 
is quite simple to make the appropriate modifications, as will be explained below. It is 
convenient, for later use, to list the form of P, F and (3 for all classical groups: 
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F{X) 
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Ig 




^+ 


r 






r+l 


Nf 














SU{r + 1) 


p=i 


/=i 


r + l - Nf/2 


r+l 


1 


1 





r+l 






Nf 














S0{2r) 


fli^' - 4) 

p=i 


/=i 


2r-Nf-2 


r 


1 


1 


1 


2r-2 






Nf 














S0{2r + 1) 


fli^' - 4) 

p=i 


X^HiX^-mj) 

/=i 


2r~Nf-l 


r 


1 


1 


1 


2r-l 
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Table 1 



The symmetric polynomials Uk{ep) and ti{mf) are defined through the expansions 

h 

P{X,ep) = X'^-Y.^'^'Mep) , (2.3) 

k=2 
h 

F{X,mf) = X'' + J2>^'~'tk{mf) , (2.4) 
fe=i 

where h stands, in each case, for the highest power in P{X,ep) or F{X,mf). The moduli 
for each curve ( p.2|) can be taken to be either the independent roots Cp or the a* defined 
as the coefficients of (0) = a^Hi in the Chevalley basis, hence linearly related to (see 
Ref. IpSf). Neither of these parameters are invariant under Weyl transformations which. 



in particular, act by permutation on the Cp. On the contrary, the symmetric polynomials 
(Casimirs) Uk provide faithfuU coordinates for the moduli space of vacua. In particular, 
U2 = |tr0^ = (^-^|t~) X]p=i and in general: Uk = ■^tr0'^+ the dots standing for 
homogeneous powers of lower Casimir operators. 

The Seiberg-Witten meromorphic differential can be written as 

dSswiuk, mj)= (^P' - ^ , (2.5) 



and the quantum relations between the low-energy coordinates of the moduli space a\ an 
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and the "mean field" order parameters Uk{a) 
plicitely given by the period integrals 



0{A) are im- 



a\uk,mf)=<h dSsw{uk,mf) ; aDj{uk,mf) = (h dSsw{uk,rnf) , (2.6) 
Ja^ JBj 

where and Bj constitute a symplectic basis of homology cycles with canonical inter- 
sections of the hyperelliptic curve (p.2|); the effective prepotential is implicitely defined 
by the equation 



(2.7) 



so that its exact determination involves the integration of functions aDi{a) for which 
there is not a closed form available. In this context, the existence of an algorithm that 
let us determine the exact form of without going through the actual computation of 
a^{uk,mf) and a£,j{uk,mf) is welcome. 

As mentioned above, our first ingredient is the set of RG equations (prT|)-(pr^). Strictly 
speaking, as they stand, they are valid for the pure gauge theory. In presence of matter, 
the first equation receives an additional term which depends only on the masses and 
the second one has to be modified for (3 = 2 where it receives an additional constant 
contribution [^. In summary^ 



9 log A 
9(logA)2 



U2 + ip{'m) 



2m 

(3"^ du2 du2 1 
2111 (9a* da^ m 



dr^^ ioge£;(o|r) + 



27:1 



■kH, 



(2.8) 
(2.9) 



In Eq. (|2.9| ), Q)e{^\t) is Riemann's theta function associated to the hyperelliptic curve C 



e 



^^1^^ _ gi7r[rjj{ni+aj)(nj+aj)+2(ni+aj)(^+/3i)] 



:2.io) 



where E 



stands for an even half integer characteristic. In almost all the cases this 



characteristic will be E 



o,...,o 

1 1. 

2 2 



as it is in the case of pure SU{Nc) ||TB|. The only 

o,...,o,o 
o,...,o,^ 



exception is Sp{2r)" for which the characteristic gets modified to the value E 



^ Although the addition of an a*-independent terms to J-' is unphysical from the point of view of the 
effective theory, the embedding of the Seiberg-Witten solution into the Whitham dynamics fixes them as 
a function of the bare coupling tq. A similar behaviour was observed in the study of J- near the strong 
coupling singularities of SU{Nc) M ~2 super Yang-Mills theory [2^. 
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The second ingredient is an ansatz for the instanton expansion of the prepotential 
vahd for any classical gauge group G and Nj massive hypermultiplets with paired masses 

a+ a+ p=l /=1 

la ^//2 ( _ \'i -,00 

-ir E E - '°8 ^^^9^ + i E ^^m^' . (2-11) 

p=i /=i fc=i 

where «+ denotes a positive root and X]a+ is the sum over all positive roots. The set 
{ai}i=i,...,r stands for the simple roots of the corresponding classical Lie algebra, they 
generate the root lattice A = {a = n*Q;j|n* G Z}. The dot product (■) of two simple roots 
ttj and ttj gives an element of the Cartan matrix, Aij = ai-aj, and extends bilinear ly to 
arbitrary linear combinations of simple roots. So, for example, for any root a = n^aj G A, 
the quantities are defined hj = a-a = a^Aijn^ where a = a^ai. For non-simply 
laced Lie algebras this product is not symmetric. 

Simple roots can be written in terms of the orthogonal set of unit vectors {ep}p=i^...^/Q. 
The order parameters a* and Cp are related by Cp = a-Ep. The exact relations and the 
actual values of ai-ep for each classical gauge group can be found in Ref.p5|. Finally, 



we also have that A^-a^ = define the fundamental weights. In particular, this means 
that = Ylik^ik'^^- have also introduced three parameters ^, and so as to 
deal with all classical Lie algebras within one single ansatz; kn denotes the dual Coxeter 
number. The particular values of these variables for each classical gauge group are shown 
in Table 1. The coefficient of the one- loop beta function turns out to be given by 



(3/2 = ^kn-^i^l + . (2.12) 

By expressing the roots a+ in terms of e^, {i.e., Za^ in terms of Cp) one can also check 
that the following relation holds 

«"E-? = i^E^2.- (2-13) 



p=i 



2.2 The procedure 



It is important to notice that we may shift Tq in (|2.11|) to any value by appropriately 



rescaling A, and this will be reflected in our choice for the normalization of the Tk{Z). 
We have fixed it in all cases to be Tq = 3P/2kci so that quadratic terms in Za do not 
contribute to the coupling constant Tij (see (|2.17|) below). 
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The l.h.s. of Eq.( p.9| ) can be easily computed from the expansion of the effective 

(2.14) 



prepotential (|2.11|) to be 



9(logA)2 27ri'^ 
then comparing (|2.14| ) and (|2.9|) we get 



du2 du2 1 



k=l 



(2.15) 



such that the instanton correction JF^ can be obtained through a set of recursive relations 
after expanding the r.h.s. of Eq.( |2.15D in powers of A'^. 

The expansion of the derivative of the quadratic Casimir in powers of A can be obtained 
from the RG equation ( p.8| ) and ( 2.11| ), 

duo 2m d'^T 



(3 da^dlogK 



k=l 



(2.16) 



p k=l k=0 

where JF^ j = dJ^k/da^ and use has been made of ( p.l2|) and (|2.13|) . 

To expand the theta function we need to compute from ( |2.11|) the couplings in the 
semiclassical region, 



da^da^ 



log 



A2 



2n ^ ^ dai da J ^ 



la ^//2 r. o 

p=i /=i J 



p=i f=i 

(cp - nifY 



A2 



27ii ^ ' ^ 



(2.17) 



k=\ 



o2 ■TT 

with Tk,ij = Qaida^i ■ ^'^ term involving the couplings that appear in the theta function 
0^; can be written as 



ZTT n TijU- 



a+ 



A 



pj 



Cp — nif 



A 



PJ 



e„ + 



+ 



A J 

\Y {a-r^-a)A'^, (2.18) 



k=l 



where a-T'l-a = J2i j^^'^k,ijn^ ■ Also a = n^Ui, and we have set 



n 



dZ, 



a+ 



( <9e„ 



n [ai-ep) 



Inserting ( |2.18| ) in the Theta function ( |2.10D with a characteristic E 
Q_E(0|r) = exp ^innWijU^ + in 

n 



a ■ e 



7 \ 



n 

pj 



e„ + 



n 



0,...,0 
1_ 1 

L 2 2 



6p 



(2.19) 
we obtain 



oo 

a+ p 
fc=l \m=0 ■ / 



s=0 aeA 



(2.20) 



In the previous expression, p is the maximal weight p = Yll=i ■'■^ '^^^^ Sp{Nc)", 
due to its peculiar characteristic, the dot product p ■ a needs to be replaced by pr - a = n'' . 
On the other hand, C A is a subset of the root lattice composed of those lattice vectors 
a G As that fulfill the constraint Ylipi^' = ^ ■ The Weyl group permutes the ep, 
hence the previous statement is Weyl invariant. In other words, the sets A^ are unions of 
Weyl orbits. This fact guarantees that the final result will recombine into Weyl invariant 
expressions. In ( |2.20|) we have also introduced the polynomial 

Nf/2 N;/2 

R{\mf) = l[(X + rajf l[(X-mjY- (2.21) 



h—i 



(2.22) 



i=l 



where h, again, stands for the appropriate highest power. It is at this point where the 
need for pairwise equal masses enters. Otherwise, we would be dealing with square root 
factors of the form (A ± m/)^/^. Now we can collect the first few terms in the expansion 

0(0) ^ 1 ^ 0(1) ^ j2 (-1)^-" n n i^i^p^f'^"^' ' 
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aeAi a+ P 

However, in the logarithmic derivative, the Theta function appears in the denominator so 
we shall need the expansion of 0(O|r)~^ in terms of A. We can write this expansion as 

oo 

e(0|r)-^ = J2 ^^'H©) A'"^' . (2.23) 
/=o 

Here S'^'^)(0) = 1 and for S(')(0) we can write in general 

pi+2p2+...+kp^=l I 

H«(e)= J2 XiPu...,P.)ll(^'^'^y' ^ (2-24) 

where the coefficients x ^^^^ parametrized by the partition elements (pi, ...,pk). The first 
few values for these parameters are, for example, 

X(i) = -1 , X{2,o) = 1 , X{o,i) = -1 , X(3,o,o) = -1 , X(1,1,0) = 2 , X{0,0,1) = ~^ ; 

and using these values we can immediately obtain the lower 

Next, we compute the derivative of the theta function with respect to the period 
matrix 



— c?T,j 0£;(O, t) = ^ n'n^ exp mn'^Tkin'' + ^ti" ^ n^j 

n k 

oo 

s=l «GAs a+ p 

oo 

= Y.^V^"" ■ (2.25) 

p=i 

Now, collecting all the pieces and inserting them back into ( |2.9| ), we find for J-'k{Z) the 
following expression: 

p+q+l=k-l 

T,{Z) = -k-' J2 (2-26) 

p,q,l=0 ij 
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in terms of previously defined coefficients. If we look at the factors on the r.h.s. of 



Eq.( p.26|) , it is easy to see that they involve JF^, JF2, ... up to J^k-i- In fact, although both 
and 6*^^^ depend on jFi, ....jFp, the indices within parenthesis reach at most the value 
/c — 1 as Qf^ = 0. Moreover Of^^ depends on jFi, ...,J^k-i since the vector a = is missing 
from the lattice sum. This "lucky accident" has its origin in the particular form of the 
characteristic in the semiclassical (duality) frame, and seems to be an essential feature 
in order to build up a recursive procedure to compute all the instanton coefficients by 



starting just from the perturbative contribution to J-'(a) [^. For the first few cases we 
may develop to find 



After some algebraic manipulations (|2.26|) admits the following general form 

where the functions $fc(a) depend on jFi ■ ■ ■ , J^k-i and have to be evaluated case by case. 
For the first few we have 

$i(«) = (2.28) 
$2(J-i,a) = ^i + 2(a-J-0Z,(G) + ^(a-J-('-a)Z^(G) , (2.29) 

$3(^1, ^2, «) = 4^2 + 4(«-^2)^a(G) + (a--^0' + ^(a--^ra)(-^i + 2(«-J-0^a(G)) 

+ i(a.^('-a)2z2(^) + i(«-^'-a) Zl^^^ , (2.30) 

where a-J^^ = n^J^k,i- Expressions ( p^.27D -( P75DD make patent the iterative character of 
the procedure. Za{G) stands for n^'H^l 1 and for simply laced groups, Za^c) = while 
for non-simply laced, the exact form will be given below. In the case /5 = 2, as we can 
see from Eq.( |2.15D the first instanton correction acquires a shift jFi = JF^ + 1 . It soon 



becomes clear that, except for the simplest cases, the concrete evaluation of the Tk has to 
be carried out by symbolic computation. In the next sections we illustrate our procedure 
with explicit examples in several cases for the lower rank groups. 
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A last word concerning the possibility to split the masses is in order. Generically, 
all resulting expressions involve powers of the degenerated masses {mj, f = 1, Nf /2}. 
They must be recovered from the exact result for arbitrary masses in the coincidence limit 
rrif = iTLfj^N^. The possibility to go back unambiguously only happens for low powers of 
mj. As a thumb rule, we have checked in several cases that the following prescription does 
the job: for SU{N^ and when powers of are not higher than 2, mf ^{rrif + mf^N^.) 
and m'j mfnif^N^; while for the rest of the groups and for (even) powers oi mf not 
higher than 4, rn?j + ^}+Nf) "^z ~^ ''^'f^'f+Nf- Typically these cases only 

occur in JF^. Another way to see this is to observe that if we write down JF^ in terms of 
the qi{mf), f = 1, ..Nf /2 as given in ( p.22| ), these factors always appear precisely in those 
combinations that build up the = tk{qi) as given in (|2.4|) , which are valid for arbitrary 
masses. 

3 Results for Simply-Laced Lie Algebras 

We start by giving the concrete expression for Z^^g) = n^'Hfj. In the case of Ar and 
Dr Lie algebras, we have that Y2p^p ~ ci^cL'^Aij and also that = 1. Hence 

Za{G) = ^^'^2,1 — "^^ ^pdiCp = rfa^Aij = a-a = Za 
p 

We shall define Aq = ■ To avoid confusion we must mention that, although we 

have expressed all results in terms of Weyl invariant polynomial combinations Ufc(a*), for 
notational clearness we shall drop the bar. 

3.1 SU{r + 1) with Nf hypermultiplets 

The only asymptotically free theories that we can consider within our approach, for these 
groups, are Nf = 2, . . . , 2r. Let us list some of the results that we have obtained by using 
our formulas (we omit the case of SU{Nc) whithout matter which can be found in |[18[] ): 

3.1.1 SU{2) 

Nf = 2 Using U2 = a^, we found the following corrections: 



, _ U2 + m'^ 
1 — — o ' 

2U2 
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_ ul- Qu2m'^ + 5m^ 

- 64^4 ' ^^-^^ 



5u2m'^ — l'iu2m'^ + 9m' 
192^5 



•^3 = ^ • (3.3) 



''2 



The one- and two-instanton contributions coincide with those computed in [|T2[ (after 
adjusting A to A/2). In the one-instanton correction, as discussed before, it is possible 
to spht the masses, im? — > 17111712, so that the resuh for non-degenerated {ND) matter 
hypermultiplets is 

r,,ND - , (3.4) 

in agreement with the result in Ref. [1^. Also, the case of one hypermultiplet can then 
be considered by letting 1712 00 while keeping Am2 finite an equal to the square of the 
dynamical scale A^ that corresponds to Nf = 1. 

3.1.2 SU{3) 

To express our results, we introduce Weyl invariant combinations in terms of the Oj- 
variables, M2 = + ~ a-ia-2 and = 0102(01 — 02)- For the case Nf = 4, we will denote 
qi = nil + ^2 and q2 = mim2- We obtained: 

Nf = 2 



Tx = (2M^ + 6mV-18mM3)/Ao , (3.5) 

JF2 = {5ul + 153m%l + 162m\^ - 1998m^M3M^ - AlAmu^u\ + 1701m^M^^2 

+4374m\^u^ + 162n^M^ + 729u^ - 2916m^'u^ - 2673mM^M2) / , (3.6) 

= (48m^° + 12320m^M^ + 31792m^M^ + 4992m\^ - 366624m^M3M^ - 12032mM3M^ 
-253088m\3M^ + 478116m^'u^M^ + 2276856m^'u^M^ + 529236m\2^^ 
+5600ulul - 3684852m^M^M^ - 4654800m\^M^ - 394524mM^M^ + 994356mS^M2 
+7097544m^M^M^ + 3969648m\^M^ + 105192m^m^ - 1469664m^M^ 
-4878468m^u^M2 - 1571724mM^u^ + 1364688m\^ + 215784m^U2)/A^ . (3.7) 
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Again, the splitting of the one-instanton correction can be done by letting mim2 
and m — > (mi + 1712) /2, 

^i,ND = (2-U2 + 6mim2M2 - 9(mi + ■m2)u^)//^Q , (3.8) 



and the reduction of hypermultiplets mentioned above is immediate. Our results ( |3.5| 
( p.6|) and (|3.8| ) agree with those obtained in 



AT. 



= {2ul - 9ul - 6qiU2U3 + 2{ql + 2q2)ul + Qqlu2 - 18gig2%)/Ao , (3.9) 

and the length of the expressions growths rapidly. Again, having in mind that J^i^nd 
should be linear in the polynomials of the masses it is possible to carefully split the 
masses, m\ mims, m| —>■ 17121714, mi —>■ (mi + m^)/2 and m2 — > (m-2 + m4)/2 (or, in 
terms of the polynomials of the masses, 2gi ^ ti, q\ + 2q2 — > ^2, 2gig2 h and g| t^) 
so that 

J^l,ND = (2^2 - - 3tiU2Us + 2t2u\ - M^U^ + Qt4U2) / Aq , (3.10) 

and then one can reduce it to an odd number of matter hypermultiplets in the way 



mentioned before 12 



3.1.3 SU{4) 

As the expressions become too long, we will only display the one-instanton correction. 
To express our results, we introduce the classical values of the Weyl invariant Casimirs 

U2 = af + a2 + — 0.102 — 0203, M3 = 0102(0.1 — 02) + 0203(02 — 03) and U4 = a'la2a-i — 
O1O2O3 — O1O3 + 01O2O3. For the case Nf = 4, we will denote qi = mi + m2 and q2 = mim2- 

Nf = 2 

T\ = {Sm^ul + 6ulu2 — Smu^ul — 36'U3m^ + 32m^-U2W4 

— \Qu\u4 + 96m'U3'U4 — 64-U4)/Ao . (3-11) 



Nf 



jFi = (2M3n2 — 8M4U2 + I2M3U4 — 32U4U2 — 18^1^3 + 64giM4M3U2 

+Q{qf + 2q2)u\u2 - 16(gi + 2q2)u4u\ - 64(gi + 2^2)^4 - 9,qiq2U'iu\ 
+9Qqiq2U4U'i + 852^2 ~ 36^2% + 32g2M4M2)/Ao • (3-12) 
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3.2 SO{2r) with Nf hypermultiplets 

The only asymptotically free theories that we can consider within our approach, for these 
groups, are A^/ = 0, 2, . . . , 2(r — 2). Notice that the case Nf = corresponds to vanishing 
values of and ^~ in ( p^.llD , which in the formulas of the instanton corrections implies 
R = 1. Let us list some of the result one can easily obtain by using our formulas: 

3.2.1 SO{4) 

For this group the classical values of the Casimir operators in terms of the are given by 
U2 = 2a1 + 2a2, = — (af + 02 — 2afa2), and we can only consider the pure case {Nj = 0). 

Nf = 

= 2\2/Ao , (3.13) 
= 2{5ul - 60u2Ui) / Al , (3.14) 
= 2^3ul - 120ulu4 + 2A0ulu2) / . (3.15) 

3.2.2 SO{6) 

For this group we have U2 = 2a\ + 2a2 + 2a\ — 2aia2 — 2aia3, U4 = —{af + 02 + ^^3" 
20^02 — 2aia2 — 2afa3 — 2aial + Safal + Safal — 2a\a1 — 2a\a2a^ + 2aia\a-i + 2010203) , 
Me = a\a2 — 2a\a\ + 0^03 — 20^0203 + 20^0203 + a\a\ + 2afa2a| — 2a^a|a| — 2a\a\ + a{a\, 
and we can consider the cases Nf = and Nf = 2. 

Nf = 

J^l = 2'(-M2M4 - 9m6)/Ao , (3.16) 

!F2 = 2(— 5M2U4 — 43^2^4 — I72M2U4 — GOuIu^Uq — QA7u\u\uq — I7OIM2U4M6 + 'iQu^u'l 
-imuluiul - 3276uIuq + I323M2M4M6 - 14337m^m^ - 21627m4M6)/Ao • (3.17) 

Nf = 2 

J-'i = 2 (— m U2U4 — 9m uq — Am + U4U2 + 12m U2Uq — AuqU2 — Su^ue)/ Aq . (3.18) 

Again, the splitting of the masses is possible for the one-instanton correction. This hap- 
pens for all the classical groups. 
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3.2.3 SO(8) 

In this case the expressions of the Casimir operators in terms of the gets too long so 
we are not going to hst them here. We have found the following expressions: 
Nf = 

T\ = 2'^(9ulus — uIu^uq + 3u2ul + 32u2U4U8 + 4:8uqU8 — AuIuq)/ Aq . (3.19) 

Nf = 2 

000 00 OQ O O 00 o 

—4m UqU2 — 12m u^Uq — U2U4UQ — 9uq + 12m U4USU2 + 32m ^8^4 + Ausu^U2 
+ 16m'^U8UQU2 — SusUqu^ + 32usUqU4 + 128m^Ug — 48ulu2)/Ao . (3.20) 



The one-instanton corrections agree with those computed in Ref. |]I2 . 



4 Results for non Simply-Laced Lie Algebras 
4.1 SO{2r + 1) with Nf hypermultiplets 

In this case the form of Za[G) is different from the simply-laced cases. Indeed, using the 
fact that 

and setting = 1, we have 

Za{,G) = n'nfj = n'^epdiCp 

p 

r-l 

= ep{ai ■ Cp) = ^ (cj - Cj+i) n' + 2errf 

p i=l 

= Z„ + Z^X . (4.1) 

The only asymptotically free theories that we can consider within our approach, for 
S0{2r + 1), are Nf = 0, 2, . . . , 2r — 2. Notice that the case Nf = corresponds, as in 
S0{2r), to take in ( p.ll| ) .^^ = .^^ = which in the formulas of the instanton corrections 
means to set = 1. Let us list some of the results that we have obtained: 
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4.1.1 SO{5) 



Wc can consider within our approach the cases Nf = and Nf = 2. For this group we 
have U2 = 2a1 + ia^ — 4aia2, U4 = —{af — 4afa2 + 4a^a|). We found: 

Nf = 

= -2V/A0, (4.2) 

T2 = 'liulul - 76i^2^i4)/Ao , (4.3) 

= 2\?,u\u\ - 232ulul + 176ul)/3Al . (4.4) 

Nf^2 



Tx = 22(-2mV + 2m^'U2ti4-H2M4-2M4)/Ao , (4.5) 

+12m\iul - 88m\lul + 96m\l - ulul - 60u2ul + ulul) / , (4.6) 

JTg = 2^{6m^^utt4 - ^'o^m}'^u\u\ + 3'b2w>'^u\ - 9m^^u\u\ + \2h^m^^u\u\ 
-17Um^"u2ul + 3504:m\lul + Sm^lul - \2\2m^u\u\ - m^m^u\ 
+2976m^W2tiI - ?>^2\m^u\u\ + m8m^u\u\ - 2m^w^u\u\ + mi\m\\u\ 
-8^m^u\u\ + 736m^'u^ - \\^^n?U2u\ + 82\fr?u\u\ - Viln?u\u\ 
+5m\lul + 240ulul - 128ul - h^u\u\ + 5m^m^) /3A^ . (4.7) 

4.1.2 50(7) 

Here we have U2 = 2a\ + 2a\ + 403 — 2aia2 — 4a2a3 , = —{a\ + — 2a\a2 — 2aia\ — 
40303 + 3a^a2 + 8a\a\ + -ia^al — 80^0203 + 8010203 — 8010203), Uq = a\a\ + a\a\ — 2o^02 — 
40^0203 + 8of O2O3 — 4of O2O3 + 4oio| — 80^0203 + Aa\a\a\ , and for Nf = 4 we also denote 
q2 = m{ + m\ and ^4 = mim|. We can consider the cases Nf = 0, Nf = 2 and Nf = 4. 

^/ = 

JTi = 2^ {ulue + Su^ue) / Ao , (4.8) 
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— 839M2M4M6 ~ 3057^2^^4% — 3588U2M4M6 ~ 44^2^6 — 1695m2M4«6 
-\^mu\u\ul - 16308m^m^ + 1863m^m^ - 567m2M4«6 - 18225m^)/A3 . (4.9) 

: 2 

^1 = 2^UQ{rn^ul + 3Tn^U4, + m^U2Ui + 9m'^UQ — 3u2Uq) / Aq . (4-10) 



Tx = 2^Ufi{qlul + 3qlu4 - 3{ql + 2qi)u2Ufs + {ql + 2^4)^4 + (?2q'4M2«4 + 9q'2?4M6 + 3q2U4XiQ 

+4g2M2'"6 ~ (I2U2U4 — 45Mg — 32U2U4UQ — 8'U2'U6 + 7^4 + 2'U2'U4)/Ao . (4-11) 



Again, the one-instanton corrections agree with previous results |]T2 



4.2 Sp{2r) with Nf hypermultiplets 

In this subsection we are going to consider the case of Sp{2r)", i.e., the case of Sp{2r) 
with two massless hypermuhiplets and N'j = Nf — 2 matter hypermultiplets. In this case 
the form of Za(G) is, as in the case of S0{2r + 1), different from the simply-laced cases. 
Now, using 

we see that 



2n' ^ CpdiCp = 2n' ^ ep{ai ■ Cp) = 2 



r-l 



i=l 



= 2Z^ - Z^X . (4.12) 

The only asymptotically free theories that we can consider within our approach, for 
Sp{2r)", are N'^ = 0, 2, . . . , 2r — 2. Notice that the case N'^ = now means to put 
R{ep) = Bp cause we are considering two massless hypermultiplets. Let us list some of the 
results that we have obtained: 

4.2.1 Sp{4) 

For this group we can consider the cases Nj = and Nj = 2. We have U2 = 2a\ + a\ — 
2aia2, U4 = — (o-i — 20^02 + a^a^). 
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ii2/2Ao , 



(4.13) 



= {bu\ + A?,u\ui + n2u2ul)/AAl , (4.14) 

JTg = 2^(91^^ + 143x^^1*4 + ^27ulul + 2840ii^ii^ + SeSOwaiil) /3A^ . (4.15) 

7V} = 2 

JF^ = (m^M2 + 4mV-'U2M4)/2Ao , (4.16) 

JF2 = {bm^ul + 43m®'U2«4 + l72m^U2ul + I2m^ului - 2Am^ulul + 352m^'U4 + 5Am%lul 
-2Um^U2ul + lb2m^ulul - ?>2m^u\ - bulul + 6OM2M4) /4A3 , (4.17) 

JP's = 22(9m^2?i^ + 143m^^M^M4 + 927m^\,2'«^ + 2840m^^?i^M^ 

+5680m^2M2M^ + 28m^°M^M4 + ^QAm^^^ilul + 1536m^°M^M^ - 1408m^°M^M^ 
+9728m^°M^ - 11952m^'U2«4 + 6600m^M^M^ + 75m^'u^M^ + 537m^M^M^ 
+15872m^it^w^ - 1200m^it^w^ + UQm^lul - 1792m^ii^ + nmm\2ul 
+321m\lul - 54:16m\lul - 3584:m\lul + USOrn^ul + lh2n?u\u\ 
-^u\u\ + ?>mu\u\ - 720x^21*1) /3A^ . (4.18) 

4.2.2 5^(6) 

For this group we can consider the cases A^j- = 0, iVj = 2 and 1^'^ = 4. We let U2 = 
2a\ + 2a\ + a\ — 2aia2 — 20203, U4 = — (af + 03 — 2afa2 — 2ala3 — 2aia\ + 3a^a2 + 2a\a\ + 
a\a\ — 4a^a2a3 + Aaio^a^ — 2010203) , uq = afa^ — 2af 03 + 0^02 — 20^0203 + 4afa|a3 — 
2afa|a3 + a^al — 2afa2a| + afa^al. For Nj: = 4, and we also have q2 — ml + 11X2 and 
54 = miml- 

= 2(3ii2ti6 - 1*2^*4 - 4ii^)/Ao , (4.19) 
jr2 = 2''{-hu\u\ - ^^u\u\ - 2mu\u\ - 320ii^ + A?,v^2^\u^ + 546x^^1*^1*6 + 2'i^Au\u\u^ 
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+180m^m^ - imuluiul - imibululul - 46908m2mIm6 + 2439m^u^ 

-2,2AQuluiul - 57672ulul + 19197m2M6)/^o • (4-20) 



N'^ = 2 



T\ = 2(3m M2M6 — rn U2U4 — Am — Am ■Ug'^e — 12m u/^uq — U2U4UQ — 9uq)/ Aq .(4.21) 

jFi = 2(3g4M2M6 - g'4M2'"4 " 454^4 - 4g2g4«2'"6 " l2q2q4U4UQ - {ql + 2q4)u2U4UQ 

-9(^2 + 2g4)^i6 + 12g2tt2M6 ~ 4g2«4M6 - 3u4Mg - Aulul + U2u\uq)/Aq . (4.22) 

4.3 The case of pure Sp{2r) 

As we discussed above, the case of Sp{2r) without matter hypermultiplets cannot be 
obtained from our previous formulas, as long as we are considering at least two massless 
hypermultiplets. Nevertheless, one can treat this case separately in an analogous way. In 
fact, we can fix our ansatz for the effective prepotential ( |2.11| ) to the one first considered 
by Ito and Sasakura by setting 



^ = 1 ^+ = ^- = and To = 3 . (4.23) 

Now, we can introduce the effective prepotential into Eg. ( p.9| ) and the same kind of 
formulas for the instanton correction would be obtained, provided we have for this case a 
characteristic E = - . Note that, being Nf = 0, we must set i? = 1 in our formulas. 

L 2 2 J 

We also need the value of Z^^g) which turns out to be the same as that in Sp{2r)'\ 

i.e. Za(G) = "^Za — UrZa^. 

4.3.1 Sp{4) 

For this group we have, as we saw before, U2 = 2a\ + a\ — 2aia2, = —{a'l — 2ala2 + alal). 
In terms of them the first instanton corrections are 

J-i = 2%ul + Au4)/Ao , (4.24) 
^2 = 2^{5ul + 59ulu4 + 232ulul + 30Au2ul)/Al , (4.25) 
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+15872ulul + 5632m^)/3A^ . (4.26) 

4.3.2 Sp{6) 

For this group we have U2 = 2a^ + + — 2aia2 — 20203, ^4 = — (a^ + — 2a\a2 — 
20303 — 2aia\ + 3af 02 + 20^03 + a\a\ — 40^0203 + Aaia\a^ — 2aia2a\) , = 0102 — 2a\a\ + 
0^02 — 20^0203 + 4afa2a3 — 20^0203 + a\a\ — 2a\a2a\ + a\a\a\, and the first instanton 
corrections are 



J^i = 2''{uiui + Aui-Au2Ue-18u2UiUG-27ui)/Ao, (4.27) 

jr^ = 2^^{-5ulul - GOutul - 2mu\u\ - 320^^ + 59m^m^M6 + l'i8u\u\u^ 

+3072u^mIm6 + 4256m2M^M6 - 2'i2u\u\ul - 'i^2\u\u\ul - \2m'^>u\u\ul 
-\^12>^u\u\ul + 6288mIu^ + 304m^U4U^ + ^\2^u\u\ul + 15518m^m|m^ + VJ\%u\u\ul 
-55728M2M4M6 - I6M2W6 + 5928m^M4M6 + 54486m^m^m^ + 113373m^m1m^ - 2\^u\u\ 
-41148m^u^ + 39447M^M4t^6 + I8225OM2M4M6 - 729m^u^ + 89667«4M6)/^o • (4-28) 

The one-instanton corrections agree with those computed in Ref . . 



5 Concluding Remarks 

In the present paper, we have shown how instanton corrections to the effective prepo- 
tential of A/" = 2 supersymmetric theories can be computed in a variety of cases including 
all classical gauge groups and even number of degenerated fundamental matter hyper- 
multiplets, wp to arbitrary order. As compared to other approaches developed in the 
literature, we should stress that the one presented in this paper has an important feature 
in that it does not require an explicit knowledge of the BPS spectrum as a function of the 
moduli, at the same time that it allows to consider a huge variety of cases within a unified 
framework. Also, being recursive, it admits an easy implementation on a computer. We 
have illustrated the remarkable simplicity of our procedure by displaying many explicit 
expressions which should be quite useful for further comparison with the results obtained 
by other means. 

Conversely, our results admit a second reading: They could be thought of as a highly 
non-trivial test of the connection between the Seiberg-Witten solution to the low energy 



20 



dynamics of A/" = 2 supersymmetric gauge theories, and the theory of Whitham (adia- 



batic) deformations of a given integrable system [jT8|, In this sense, it is important 



to remind that the new equation (|2.9|), which is a key ingredient of our procedure, is 



originated in the latter framework, as it is shown in detail in Ref.|24 



Aside from being an interesting mathematical problem by itself, the embedding of 
the Seiberg-Witten solution within a Whitham hierarchy seems to be the appropriate 
framework for the study of many physical phenomena. For example, the so-called slow 
Whitham times can be consistently thought of as spurion vector supermultiplets that can 
be used to break Af = 2 supersymmetry down to A/" = with non-quadratic Casimir 
operators |T^. In this way, the Whitham hierarchy can be interpreted as a family of 



supersymmetry breaking deformations of the original theory associated with the higher 
Casimir operators of the gauge group. This issue generalizes to the A/" = case the family 
of A/" = 1 supersymmetry breaking terms considered, for instance, in Ref . ||28|| . 

The key feature of the Whitham formalism lies on the fact that, as the dependence on 
the slow times is encoded in the prepotential, it is possible to obtain the exact effective 
potential of the theory, in the spirit of 0, This allows to perform a detailed study, 
both qualitative and quantitative, of the vacuum state of the theory once supersymmetry is 
broken, as well as of the appearance of monopole condensates, mass gaps, etc. Preliminary 
results on this program were published in Ref.[|l8|. The formalism is even useful near the 
Argyres-Douglas singularities, where non-local degrees of freedom become simultaneously 
massless, provided one approaches them along any of the submanifolds where a unique 
monopole gets massless |]18| . 



There is another place where deformations of the prepotential by means of the Whitham 
times are relevant. It is the study of contact terms in the twisted version of A/" = 2 gauge 
theories, where these new variables play the role of sources for insertions of certain class 
of operators in the generating functional |19|, ^ . 



Another interesting point is given by the uses of our starting equations ( |2.8| )- 
to study the strong coupling expansion of the prepotential near the singularities of the 
quantum moduli space, as it was done in Ref. ||26|1 for the case of pure SU{Nc). In par- 
ticular, these equations provide us with a set of non-trivial constraints that facilitate the 



study of the couplings between different magnetic photons, originally found in Ref. ||32|| , 
that take place at such points. The expansion of the prepotential near the maximal points 
by other methods, as the deformations of the auxiliary singular Riemann manifold ||33| , 
is not sensitive to such kind of terms. 

Several interesting questions remain open aside from the ones just mentioned. For 
example, the case of arbitrary masses cannot be treated within our approach, except 
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for the one-instanton correction (which, on the other hand, is enough for leading order 
comparison purposes). In fact, from the Whitham hierarchy side, one can show that 
indeed the formulas used in this paper are insufficient to tackle the generic scenario, 
though it seems to be possible to refine the formalism in order to extend its applicability 
to some cases of unpaired masses The additional corrections that appear in the 

generic case are, nevertheless, quite difficult to manage with. Finally, another avenue for 
future research is, certainly, the connection of this formalism with the string theory and 
D-brane approach to supersymmetric gauge theories, where some steps has already been 
given in the last few years . 

We believe that these matters deserve further study. 
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